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POWER SERIES APPROXIMATIONS TO FEKETE
POLYNOMIALS
JASON BELL AND IGOR E. SHPARLINSKI
Abstract. We study how well Fekete polynomials
Fp(X) =
p−1∑
n=0
(
n
p
)
Xn ∈ Z[X ]
with the coefficients given by Legendre symbols modulo a prime p ,
can be approximated by power series representing algebraic func-
tions of a given degree. We also obtain some explicit results de-
scribing polynomial recurrence relations which are satisfied by the
coefficients of such algebraic functions.
1. Introduction
1.1. Background and motivation. For a prime p ≥ 3 we recall that
the Fekete polynomial
Fp(X) =
p−1∑
n=0
(
n
p
)
Xn ∈ Z[X ]
is the polynomial of degree p − 1 with coefficients given by Legendre
symbols modulo p.
Starting with the work of Conrey, Granville, Poonen and Soundarara-
jan [7], much attention has been devoted to analytic properties of these
polynomials, such as the distribution of zeros and relations between
various norms, see [8, 9, 10, 11] and references therein.
Here we consider an apparently new question about the algebraic
nature of Fekete polynomials. Namely for an integer N ≥ 2 we denote
by dp(N) the smallest d such that
Fp(X) ≡ G(X) (mod X
N)
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for some formal power series
(1.1) G(X) =
∞∑
n=0
AnX
n ∈ C[[X ]]
satisfying a nontrivial polynomial equation
(1.2) h(X,G(X)) = 0
for some polynomial h(X, Y ) ∈ C[X, Y ] of degree at most d in each
variable. Clearly, we can always assume that h is irreducible.
Just to show that this question has intrinsic number theoretic flavour,
we note that until the Burgess [5] bound on the smallest quadratic
nonresidue is improved we cannot rule out that
dp
(⌊
p1/4e
1/2
⌋)
= 1,
corresponding to the function
G(X) =
X
1−X
=
∞∑
n=1
Xn ∈ Z[[X ]].
We also remark that the irrationality and transcendence of power series
of multiplicative functions have been studied in a number of works,
see [1, 2, 3]. However the question about the degree of approximating
algebraic functions seems to be new.
Here we obtain nontrivial lower bounds on dp(N) starting from the
values N ≥ p1/2(log p)1+ε for any fixed ε > 0.
1.2. Approach. Our approach is based on first showing that the coeffi-
cients of powers series (1.1) of algebraic functions satisfy a polynomial
recurrence relation of the form
L∑
j=0
An+jPj(n) = 0, n = 0, 1, . . . ,
with polynomials Pj(T ) ∈ C[T ] and give explicit bounds on the order
L of the relation and the largest degree D of the polynomials Pj ,
j = 0, . . . , L, as the function of the degree of h in (1.2). We remark
that, although in qualitative form, this is a known fact, we are unaware
of explicit bounds on D and L being given in the literature. So, here
we fill this gap.
After this we also show that sequences that have enough oscillation
cannot satisfy polynomial recurrences.
Having a result of this type we then use character sums to show that
the sequence of Legendre symbols satisfies this oscillatory property on
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any interval of length N ≥ p1/2+ε with a fixed ε > 0. This leads to a
desired result.
1.3. General notation. Throughout the paper, as usual A ≪ B is
equivalent to the inequality |A| ≤ cB with some absolute constant
c > 0.
For a polynomial f(X, Y ) ∈ C[X, Y ] we use degX f and degY f
to denote the degrees of f with respect to X and Y , respectively,
reserving deg f for the total degree.
Furthermore we also use DX and DT for partial differentiation op-
erators
(1.3) DXΨ =
∂Ψ(X, T )
∂X
and DTΨ =
∂Ψ(X, T )
∂T
.
1.4. Degree of approximation. Our main result is the following bound:
Theorem 1.1. For any sufficiently large prime p and positive integer
N < p we have
dp(N)≫
(
N
p1/2 log p
)1/10
.
The proof rests on Propositions 2.1 and 3.1, given in Sections 2 and 3,
respectively, and which are of a rather general nature and thus can be
of independent interest.
2. Algebraic functions and holonomic sequences
2.1. Explicit bounds on the order and degree of polynomial recur-
rences. As we have mentioned, qualitatively the fact that the coef-
ficients of algebraic functions are holonomic—that is, they satisfy a
recurrence relation with polynomial coefficients—is very well known.
However, no quantitative form has been reported in the literature, so
we now present such a result.
Proposition 2.1. If a power series G(X) of the form (1.1) satisfies (1.2)
for some irreducible polynomial h(X, Y ) ∈ C[X, Y ] of total degree at
most d ≥ 2, then the coefficients of G(X) satisfy a relation
L∑
j=0
An+jPj(n) = 0, n = 0, 1, . . . ,
with polynomials Pj(T ) ∈ C[T ] with a nonzero polynomial PL(T ) and
such that
L ≤ 4d2 and degT Pj ≤ 3(d+ 1)
2, j = 0, . . . , L.
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2.2. Differential equation for algebraic functions. We first recall a re-
sult of Bostan, Chyzak, Lecerf, Salvy and Schost [4, Theorem 2] which
descripes the shape of differential equations for algebraic functions.
Lemma 2.2. Let K be a field of characteristic zero. If a power serie
G(X) =
∞∑
n=0
AnX
n ∈ K[[X ]]
satisfies (1.2) for some irreducible polynomial h(X, Y ) ∈ C[X, Y ] of
total degree at most d ≥ 2, then G(X) satisfies a differential equation
of the form
N∑
i=0
Qi(X)G
(i)(X) = 0
of order N ≤ 6 degY h with polynomials Qi(X) ∈ K[X ], i = 0, . . . , N ,
of degree at most D , where
D ≤ 3 degX h degY h
with QN nonzero.
2.3. Proof of Proposition 2.1. The differential equation of Lemma 2.2,
gives us a polynomial recurrence for the coefficients An of T
n in G(T )
as in (1.1). More precisely, we have
N+D∑
j=0
Pj(n)An+i = 0, n = 0, 1, . . .
with polynomials Pj(T ) ∈ C[T ], j = 0, . . . , N +D , of degree at most
D . We have D ≤ 3d2 , N ≤ 6d and thus N + D ≤ 3(d + 1)2 . The
result now follows.
3. Approximation by holonomic sequences
3.1. Holonomic approximation. We are now able to establish our main
technical result. As we have mentioned we present it in a general form,
which makes it suitable for applications to various arithmetic functions.
As usual, for a complex z , we use z to denote its complex conjugate.
Proposition 3.1. Let m and D be positive integers and let κ and τ be
positive real numbers with 4τ ≥ κ, let Q1(X), . . . , Qm(X) be complex
polynomials of degree at most D , and let f : Z → C. Suppose that
f(n) satisfies:
(i) |f(a)|2 + · · ·+ |f(b)|2 ≥ κ(b− a) for b > a;
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(ii)
∣∣∣∑bn=a f(n+ j)f(n+ h)∣∣∣ ≤ τ for all integers a < b and j <
h ≤ m.
Then for
∆(n) =
m∑
j=1
Qj(n)f(n+ j)
we have ∆(n) 6= 0 for some natural number n < 168τκ−1e3D3m4 .
3.2. General definitions and notation. Given a polynomial Q(X) ∈
C[X ] we create a subset of C, C(Q), which is defined as follows. We
write Q(X) = A(X) + iB(X), where A and B are polynomials with
real coefficients. Then:
• if A(X) and B(X) are both nonconstant then we define C(Q)
to be the set of the zeros of A′(X)B′(X);
• if A(X) is constant and B is nonconstant then C(Q) is the set
of zeros of B′(X); if A(X) is nonconstant and B is constant
then C(Q) is the set of zeros of A′(X);
• if A and B are constant then C(Q) is the empty set.
3.3. Bounds of some sums with polynomials.
Lemma 3.2. Let D be a positive integer, let κ > 0, let Q(X) be a
nonzero polynomial of degree at most D , and let f : Z → C. Suppose
that a and b are natural numbers with a < b and L is a positive integer
such that:
(i) |j − λ| ≥ a/LD for j ∈ {a, a+ 1, . . . , b} and for all roots λ of
Q;
(ii) (b− a)/a ≤ 1/LD2 ;
(iii) |f(a)|2 + · · ·+ |f(b)|2 ≥ κ(b− a).
Then
b∑
j=a
|Q(j)|2|f(j)|2 ≥
(b− a)κ
e2
max
a≤j≤b
|Q(j)|2.
Proof. Let λ1, . . . , λr denote the roots of Q(X) with multiplicity, with
r ≤ D . Then let b0 be a value of j ∈ {a, . . . , b} where the maximum
of |Q(j)| is attained and let a0 be a value of j for j ∈ {a, . . . , b} where
the minimum of |Q(j)| is attained.
Q(b0)/Q(a0) =
r∏
j=1
(b0 − λj)/(a0 − λj) =
r∏
j=1
(1 + (b0 − a0)/(a0 − λj)) .
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Now by assumption |a0−λj | ≥ a/LD for j = 1, . . . , r and so we obtain
the inequality
|Q(b0)|/|Q(a0)| ≤
r∏
j=1
(1 + LD(b− a)/a) .
Since (b− a)/a ≤ 1/LD2 , we now see that
(3.1) |Q(b0)|/|Q(a0)| ≤ (1 + 1/D)
r ≤ (1 + 1/D)D ≤ e.
We also see that
|Q(a)|2|f(a)|2 + |Q(a+ 1)|2|f(a+ 1)|2 + · · ·+ |Q(b)|2|f(b)|2
≥ |Q(a0)|
2(|f(a)|2 + · · ·+ |f(b)|2) ≥ κ(b− a)|Q(a0)|
2.
Thus, recalling (3.1), we obtain the result. ⊓⊔
Lemma 3.3. Let Q(X) be a complex polynomial, let f : Z → C, and
let a and b be nonnegative integers such that [a, b] ∩ C(Q) is empty.
Suppose that τ > 0 is such that for every integer n and for every
r ∈ {a, a+ 1, . . . , b} we have∣∣∣∣∣
r∑
j=a
f(n+ j)
∣∣∣∣∣ ≤ τ.
Then ∣∣∣∣∣
b∑
j=a
Q(j)f(n+ j)
∣∣∣∣∣ ≤ 4τ(|Q(b)| + |Q(a)|).
Proof. Write Q(X) = A(X) + iB(X) with A and B real polynomials.
Since C ∩ [a, b] = ∅ , we have that A(X) and B(X) are monotonic on
the interval [a, b]. Then using summation by parts we see that∣∣∣∣∣
b∑
j=a
Q(i)f(n+ j)
∣∣∣∣∣
=
∣∣∣∣∣Q(b)
b∑
j=a
f(n+ j) +
b−1∑
r=a
(Q(r)−Q(r + 1))
r∑
j=a
f(n+ j)
∣∣∣∣∣
≤ τ
(
|Q(b)|+
b−1∑
r=a
|Q(r)−Q(r + 1)|
)
.
Thus to complete the proof, it is enough to show that
|Q(b)|+
b−1∑
r=a
|Q(r)−Q(r + 1)| ≤ 4|Q(b)|+ 4|Q(a)|.
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Notice that
|Q(b)|+
b−1∑
r=a
|Q(r)−Q(r + 1)|
≤ |A(b)|+ |B(b)|
+
b−1∑
r=a
(|A(r)− A(r + 1)|+ |B(r)−B(r + 1)|) .
Since C(Q) ∩ [a, b] = ∅ , we see that A and B are monotonic on [a, b]
and thus
b−1∑
r=a
(|A(r)−A(r+1)|+|B(r)−B(r+1)|) = |A(b)−A(a)|+|B(b)−B(a)|.
In turn this implies that
|Q(b)| +
b−1∑
r=a
|Q(r)−Q(r + 1)|
≤ 2|A(b)|+ 2|B(b)|+ |A(a)|+ |B(a)|
≤ 4|Q(b)|+ 2|Q(a)| ≤ 4|Q(b)|+ 4|Q(a)|,
as required. ⊓⊔
Lemma 3.4. Let m and D be positive integers and let κ and τ be
positive real numbers, let Q1(X), . . . , Qm(X) be complex polynomials
of degree at most D , and let f : Z→ C. Suppose that a and b and L
are positive integers that have the following properties:
(i) b− a > 4τ(m− 1)e2/κ;
(ii) |j − λ| ≥ a/LD for j ∈ {a, a+ 1, . . . , b} and for all roots λ of
Q;
(iii) (b− a)/a ≤ 1/D2L;
(iv) (∪i<jC(QiQj)) ∩ [a, b] = ∅.
Suppose in addition that f(n) satisfies:
(I) |f(a+ j)|2 + · · ·+ |f(b+ j)|2 ≥ κ(b− a) for j = 1, . . . , m;
(II) |
∑r
n=a f(n+ j)f(n+ k)| ≤ τ for all integers n and all r ∈
{a, . . . , b}.
Then for
∆(n) =
m∑
j=1
Qj(n)f(n+ j)
we have ∆(n) 6= 0 for some natural number n ∈ {a, a+ 1, . . . , b}.
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Proof. It suffices to show that
b∑
n=a
∣∣∣∣∣
m∑
j=1
Qj(n)f(n+ j)
∣∣∣∣∣
2
> 0.
Expanding, we see this is greater than or equal to
b∑
n=a
∣∣∣∣∣
m∑
j=1
Qj(n)f(n+ j)
∣∣∣∣∣
2
=
b∑
n=a
m∑
j=1
|Qj(n)|
2|f(n+ j)|2
−
∑
1≤j<k≤m
∣∣∣∣∣
b∑
n=a
Qj(n)Qk(n)f(n+ j)f(n+ k)
∣∣∣∣∣ .
Since ∣∣∣∣∣
r∑
n=a
f(n+ j)f(n+ k)
∣∣∣∣∣ ≤ τ,
we then see by Lemma 3.3 that to
b∑
n=a
∣∣∣∣∣
m∑
j=1
Qj(n)f(n+ j)
∣∣∣∣∣
2
≥
m∑
j=1
b∑
n=a
|Qj(n)|
2|f(n+ j)|2
− 4τ
∑
1≤j<k≤m
(|Qj(a)Qk(a)|+ |Qj(b)Qk(b)|).
(3.2)
Let Mj = max {|Qj(a)|
2, |Qj(b)|
2} , j = 1, . . . , m. By Lemma 3.2, we
see that
m∑
j=1
b∑
n=a
|Qj(n)|
2|f(n+ j)|2 ≥
(b− a)κ
e2
m∑
j=1
Mj ,
while we have
|Qj(a)Qk(a)|+ |Qj(b)Qk(b)|
≤
1
2
(
|Qj(a)|
2 + |Qk(a)|
2 + |Qj(b)|
2 + |Qk(b)|
2
)
≤Mj +Mk.
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Then we see that the quantity on the right-hand side of (3.2) is greater
than or equal to
m∑
j=1
(b− a)κ
e2
Mj −
∑
1≤j<k≤m
4τ(Mj +Mk)
=
m∑
j−1
(
(b− a)κ
e2
− τ(m− 1)
)
Mj > 0.
Since κ(b−a) > 4τ(m−1)e2 and by (ii), we have Mi > 0, j = 1, . . . , m,
we obtain the desired result. ⊓⊔
Lemma 3.5. Let Q1(X), . . . , Qm(X) be polynomials of degree at most
D . Given A ≥ 1 there exist positive integers a and b and L with
b < 20Ae3D2m3(A+Dm) and L = 9m2
satisfying:
(i) b− a > A(m− 1)e2 ;
(ii) |j − λ| ≥ a/LD for j ∈ {a, a+ 1, . . . , b} and for all roots λ of
each Qi that is nonzero;
(iii) (b− a)/a ≤ 1/D2L;
(iv) (∪i<jC(QiQj) ∩ [a, b] = ∅.
Proof. The inequalities b − a > A(m − 1)e2 and b − a ≤ a/D2L are
satisfied whenever a ≥ AD2Lm2(m− 1)e2 and b ≤ a(1 + 1/D2L). For
an integer R > A(m− 1)e2 , consider the interval [D2LR,D2LR +R].
We show that we can find some R such that we can take a = D2LR
and b = 2D2LR +R and (i)–(iv) hold.
Notice that if there is some λ that is a root of a nonzero Qi such
that |j − λ| < DR for some j ∈ [D2LR,D2LR +R], then for the real
part of λ we have:
ℜλ ∈ [D2LR −DR,D2LR +DR+R].
In particular, since there are at most Dm values of λ we see that
if t > Dm and R1, . . . , Rt are integers with each Ri > A(m − 1)e
2
such that the intervals [D2LRi−DRi, D
2LRi+DRi+Ri] are pairwise
disjoint then there are at least t − Dm values of i in {1, . . . , t} such
that |j − λ| < DRi for j ∈ [D
2LRi, D
2LRi + Ri] and all roots of
nonzero Qi . Now we define R1 = ⌈A(m−1)e
2+1⌉, and then for i > 1
we define Ri recursively as
Ri = ⌈Ri−1(D
2L+D + 1)/(D2L−D)⌉.
Then we see that D2LRi+1 −DRi+1 > D
2LRi +DRi +Ri and so the
intervals [D2LRi −DRi, D
2LRi +DRi +Ri] are pairwise disjoint. By
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induction, we have
Ri <
(
D2L+D + 1
D2L−D
)i−1
(A(m− 1)e2 + i),
and so if we take t = Dm+2Dm2 then there are at least 2Dm2 values
of Ri with i ≤ t such that |j−λ| < DRi for j ∈ [D
2LRi, D
2LRi+Ri]
and all roots λ of nonzero Qi . Now since⋃
i<j
C(QiQj)
has size at most 2Dm2 , we then see that there is some i with i ≤ t such
that a = 2D2mRi and b = 2D
2mRi +Ri satisfy conditions (i)–(iv).
Recall that L = 9m2 . Then for D ≥ 2 and any m ≥ 1 we have the
following obvious inequalities(
1 +
2D + 1
D2L−D
)Dm+2Dm2
<
(
1 +
3D
9D2m2
)Dm+2Dm2
<
(
1 +
1
3Dm2
)3Dm2
< e.
(3.3)
For D = 1, using elementary calculus one also derives that(
1 +
3
9m2 − 1
)m+2m2
< e,
for any m ≥ 1 thus (3.3) also holds in this case.
Therefore, using (3.3), we derive
b ≤ (2D2L+ 1)Rt
≤ (2D2L+ 1)
(
D2L+D + 1
2D2L−D
)Dm+2Dm2
· (A(m− 1)e2 +Dm+ 2Dm2)
≤ (2D2L+ 1)(1 + (2D + 1)/(D2L−D))Dm+2Dm
2
· (A(m− 1)e2 +Dm+ 2Dm2)
≤ 20eD2m2 · (Ame2 + 3Dm2) ≤ 20e3D2m3(A +Dm),
which concludes the proof. ⊓⊔
3.4. Concluding the proof of Proposition 3.1. The result follows im-
mediately from Lemmas 3.4 and 3.5 taking A = 4τ/κ.
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4. Proof of Theorem 1.1
4.1. Incomplete character sums. We recall the following well-known
bound on incomplete character sums which follows from the Weil bound
on complete mixed sums of multiplicative and additive characters and
the standard reduction between complete and incomplete sums, see [12,
Section 12.2].
Lemma 4.1. Let p be an odd prime, let f(n) =
(
n
p
)
, and let g(n) =
f(n + j)f(n + h) for some natural numbers j < h < p. Then for any
natural number K < p we have∣∣∣∣∣
K∑
k=1
g(n+ k)
∣∣∣∣∣ ≤ Bp1/2 log p
for some absolute constant B .
4.2. Concluding the proof. We note that
b∑
n=a
|f(n)|2 ≥ (b− a)
for a < b and by Lemma 4.1 we can apply Proposition 3.1 to f(n)
with
κ = 1 and τ ≪ p1/2 log p
and we see that if G(X) is a holonomic power series whose sequence
of coefficients satisfy a polynomial recurrence of length at most m and
of degree at most D then G(x) can agree with the Fekete polynomial
Fp(X) up to degree N at most
N ≪ D2m3(τ +Dm)≪ D2m3
(
p1/2 log p+Dm
)
.
In particular, if G(X) is an algebraic power series satisfying a poly-
nomial equation h(X,G(X)) = 0, where h(X, Y ) has total degree
at most dp(N), then by Proposition 2.1 this gives that we can take
m ≤ 4dp(N)
2 and D ≤ 3(dp(N) + 1)
2 and so
(4.1) N ≪ dp(N)
10
(
p1/2 log p+ dp(N)
4
)
.
Clearly, if dp(N)
4 ≥ p1/2 log p then dp(N) ≥ p
1/8 ≥ N1/8 and thus
there is nothing to prove. Otherwise we derive from (4.1) that N ≪
dp(N)
10p1/2 log p and the result follows.
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5. Comments
We note that it is not difficult (but somewhat tedious) to get an
explicit version of Theorem 1.1. Furthermore, a slight modification of
the proof of Theorem 1.1 allows one to remove the factor log p in the
denominator of its lower bound. However, a much more challenging
question is to obtain a nontrivial lower bound on dp(N) for N below
the p1/2 -threshold. Within our approach, this rests on the existence of
nontrivial bounds on short character sums with linear and quadratic
polynomials. For linear polynomials the Burgess bound (see [12, The-
orem 12.6]) provides such a necessary tool. However, for quadratic
polynomials the problem obtaining nontrivial bounds for sums of length
below p1/2 is still widely open, see the survey [6].
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